v∈V f (v) among all broadcasts f for which each vertex of G is within distance f (v) from some vertex v with f (v) ≥ 1. This number is bounded above by the radius and the domination number of G. We show that to characterize trees with equal broadcast and domination numbers it is sufficient to characterize trees for which all three of these parameters coincide.
Introduction
A radio station wishes to broadcast from towers of varying capacity placed at several locations so that an entire region hears the broadcast. We model this situation by a graph whose vertices are the sections of the region and where an edge between two vertices indicates that these sections are within range of each other. The goal is to find a broadcast with the lowest total cost that reaches the entire region. We need a few definitions to formalize this description.
A broadcast on a graph G is a function f : V (G) A broadcast f is a dominating broadcast if every vertex hears at least one broadcast. The cost of a broadcast f is defined as σ (f ) = ∑ v∈V (G) f (v) , and the broadcast number of G is γ b (G) = min{σ (f ) : f is a dominating broadcast of G}. If f is a dominating broadcast such that f (v) = 1 for each v ∈ V + f , then V + f is a dominating set of G, and the minimum cost of such a broadcast is the usual domination number γ (G).
The eccentricity of a vertex v of a graph G is e(v) = max{d(u, v) : u ∈ V (G)}. The radius and diameter of G are defined as rad G = min{e(v) : v ∈ V (G)} and diam G = max{e(v) : v ∈ V (G)}, respectively. Erwin [6, 7] was the first to consider the broadcast domination problem, and to observe the trivial bound γ b (G) ≤ min{rad G, γ (G)} for any graph G. This bound immediately suggests the following questions:
For which graphs G is γ b (G) = rad G?
For which graphs is γ b (G) = γ (G)?.
Graphs for which γ b (G) = rad G are called radial graphs. The problem of characterizing radial trees was first addressed by Dunbar, Erwin, Haynes, Hedetniemi and Hedetniemi in [4] and also studied in [5, 14] . It was solved by Herke and Mynhardt [11] (see Theorem 2.1), who also showed that a tree T can be split into radial subtrees by deleting edges on a diametrical path of T . Here we consider the second of the two questions for trees. Heggernes and Lokshtanov [9] showed that minimum broadcast domination is solvable in polynomial time for any graph, while computing the domination number is NP-hard in general. Both the domination and broadcast numbers of a tree can be determined in linear time (see [2, 3] , respectively), but knowing that γ (T ) = γ b (T ) for some tree T (or for finitely many given trees) does not adequately reveal the properties of this class of trees, which merits investigation in its own right. Seager [14] initiated this investigation and characterized caterpillars with γ = γ b .
We denote the class of all trees with equal broadcast and domination numbers by T and let T k = {T ∈ T : γ (T ) = γ b (T ) = k}. We show in Section 4 that a tree belongs to T if and only if it can be split in the above-mentioned way into radial subtrees, each of which is in T . This result implies that to characterize T it is sufficient to study radial trees in T , that
Section 2 contains additional definitions and previous results required further on. In Section 3 we introduce the tools we use to simplify both the problem and our exposition. The proof of the main theorem in Section 4 requires a lemma, whose long and technical proof involves several other lemmas, all of which are stated and proved in Section 5. We conclude with a list of open problems in Section 6.
Definitions and background
For undefined concepts see [1, 8] . A set M of edges of a d-path P is a split-P set if, for each component T ′ of T − M, the path P ∩ T ′ is a d-path of T ′ of even positive length. A split-set of T is a split-P set for some d-path P of T , and a maximum split-set of T is a split-set of maximum cardinality. For example, the sets {uv} and {xy} are maximum split-P sets of the tree in Fig. 1 , where P is the path of black vertices. Radial trees are characterized as follows.
Theorem 2.1 ([10,11]). A tree T is radial if and only if it has no nonempty split-set.
An efficient broadcast f is a broadcast in which each vertex is dominated by exactly one vertex of V
Most graphs do not have efficient dominating sets, and any efficient dominating set is a minimum dominating set. The situation with broadcasts is different: every graph G has an efficient broadcast -simply broadcast from a central vertex with cost rad G. An efficient broadcast f of a tree T is very efficient if all broadcast vertices lie on the same d-path P and, unless T is a bicentral radial tree, neither endvertex of P is overdominated.
Any tree has at least one very efficient γ b -broadcast. The investigation of the class T would be narrowed down considerably if we could focus on studying only radial trees in T . So, given T ∈ T , is it possible to split T into radial subtrees, all of which are in T ? The tree T in Fig. 2 has two maximum split-sets {e 1 } and {e 2 }. The component T 1 of T −e 1 is not in T , but both components of T −e 2 are in T . Most of the remainder of the paper is devoted to showing that every tree in T has a maximum split-set M such that all components of T −M are in T .
Shadow trees and isosceles right triangles
In this section we show that we only need to consider certain types of trees, called shadow trees, when studying the class T . A shadow tree consists of a d-path P with other paths, called boughs, attached to vertices of P. We use isosceles right triangles to describe the positions of the boughs on P and show that the actual lengths of the boughs are not important, only their congruence classes modulo 3 and the distances between the vertices of attachment on P.
Shadow trees
The concept of shadow trees of a given tree, which was introduced in [11] , is relevant to the study of the class T .
Let P = v 1 , . . . , v ρ be a d-path of the tree T . For each i, let A i be the set of all vertices of T that are connected to v i by a (possibly trivial) path that is internally disjoint from P. Let B i be a longest path in T [A i ] that has initial vertex v i . The shadow tree of T with respect to P, denoted by S T ,P , is the subtree of T induced by
. A tree T with d-path P joining vertices v 1 and v ρ is depicted in Fig. 3 , which also illustrates the vertices that are removed to construct the shadow tree S T ,P . The path B i is called a bough of S T ,P at v i . If T = S T ,P , we also call T a shadow tree; any shadow tree is the shadow tree of infinitely many trees. Note that if P and P ′ are different d-paths of T , then it is possible that S T ,P S T ,P ′ . If the d-path P is understood or irrelevant, we abbreviate S T ,P to S T . The next result is immediate from the construction of S T ,P . Proposition 3.1. Let S T ,P be a shadow tree of T . Then
Herke and Mynhardt [11] demonstrated the relevance of shadow trees to the study of broadcast domination. 
Theorem 3.2 ([11]). For any shadow tree S T of T
The following results show that shadow trees are of interest in the study of the class T . They are simple consequences of Theorem 3.2; we only prove the first.
The relatively simple structure of shadow trees suggests the following approach to the study of the sets T k .
Step 1 Find subsets of T k containing only shadow trees.
Step 2 If T is a shadow tree in T k , use Corollary 3.3(iii) to find all trees in T k that have T as shadow tree.
In order to perform Step 2 we need to know the conditions under which the domination number of a graph remains unchanged when one of its vertices is joined to the centre of a nontrivial star.
Lemma 3.4. Let G be the graph formed from the graph H by joining a vertex u of H to a central vertex
It follows that X = (D − {w}) ∪ {u} dominates H, has cardinality |D|, and hence is a γ -set of H. In addition, (2) implies that u ∈ X * .
The proof of the converse is simple and hence omitted.
We use Lemma 3.4 to determine a condition for a tree T and a subtree T ′ to have equal domination numbers. Let
the hinge of W i and also say that W i is hinged at u i . Let U 1 (respectively U 2 ) be the set of hinges of nontrivial subtrees W i that are stars hinged at a central vertex (respectively at a leaf that is not also a central vertex). Note that U 1 ∩ U 2 = ∅. We use this notation in the following result. Proof. If (i) and (ii) hold, then clearly γ (T ) = γ (T ′ ). For the converse, suppose γ (T ) = γ (T ′ ), and first suppose that (i) does not hold. Then some W i contains a copy of P 4 that includes the hinge u i . Let Y be the subtree of 
Applying (3) with Z = T − R, we deduce that D 0 is also a γ -set of T − R. Statement (3) is also used below in combination with repeated applications of Lemma 3.4.
We first apply Lemma 3.4 with
We continue this process and finally conclude that T
Hence (ii) also holds and we are done.
Isosceles right triangles
Let T be a shadow tree with d-path P = v 1 , . . . , v ρ . Draw T in the positive X -Y plane with P on the X -axis, v 1 at the origin, each edge of unit length, and each edge not on P parallel to the Y -axis. We henceforth assume that all shadow trees are drawn as described above.
Let H(t) be the tree obtained from K 1,3 by subdividing each edge t − 1 times. If H(t) is a subtree of T , then the leaves of H(t) lie at the (geometric) vertices of an isosceles right triangle ∆ whose hypotenuse lies on P and has length 2t; we say that ∆ has radius t. We use this observation below to better describe the positions of the boughs of T .
The vertices of the bough B i of length t that begins at the vertex v i are labelled v i , u i,1 , . . . , u i,t . If t ≥ 1, we place an isosceles right triangle ∆ of radius t with its hypotenuse on P, centred at v i , with B i on the median and u i,t at the apex of ∆ (see Fig. 4 ). We say that the vertices v i−t , . . . , v i+t , u i,1 , . . . , u i,t are vertices of ∆, and that ∆ is a triangle of T . Intersecting triangles have at least one vertex of P in common. An edge v i v i+1 of P is free if it does not lie on a triangle of T ; in this case 
Radial components of trees in T
In this section we prove our main result, namely that any nonradial tree T ∈ T can be split into central, radial subtrees, each of which is in T , by deleting edges on a d-path of T . This result shows that we only need to study radial trees in T in order to characterize T . More precisely, we prove the following theorem. We need the following lemma, whose proof is rather long and technical and thus deferred to Section 5. 
Proof of Theorem 4.1. The theorem obviously holds if T is radial, so assume otherwise. Suppose T has a maximum split-set
and the result follows.
Conversely, suppose T ∈ T , let P be a d-path of T , and let M ̸ = ∅ be a maximum split-set and X a γ -set such that X ∩V (P) contains as few leaves of T 1 , . . . , T m as possible. We show that X i dominates T i for each i, so that
the result will follow.
Suppose X k does not dominate T k for some k; assume without loss of generality that X k does not dominate v k,t k . Then v k+1,1 ∈ X . Let j ≥ k + 1 be the smallest integer such that v j+1,1 ̸ ∈ X (possibly, j = m). Then v j,1 ∈ X and X j ≻ T j , so by Lemma 4.
By (4), there exists an integer i such that |X i | < γ b (T i ). Assume without loss of generality that i = k and that k is the smallest integer such that 
By the choice of ℓ and p, ℓ ′ > p > ℓ. We may repeat the above procedure and find an integer q with q > ℓ ′ such that |X q | ≥ γ b (T q ) + 1. Thus this process continues indefinitely, contradicting the finiteness of T . Hence X i dominates T i for each i as required.
Proof of Lemma 4.2 and other lemmas
In order to prove Lemma 4.2, we need additional definitions and lemmas, which are given in the next subsection.
Properties of radial shadow trees in T
We now consider radial shadow trees T ∈ T r with γ (T ) = γ b (T ) = rad T = r and diam T = ρ − 1, where ρ = 2r or 2r + 1. Consider a d-path P = v 1 , . . . , v ρ and a γ -set D of T . We may assume without loss of generality that D contains the support vertex u i,t−1 of the bough B i = v i , u i,1 , . . . , u i,t , and then precisely every third vertex along the bough. A γ -set with this property is called a natural γ -set of T . Unless stated otherwise we take this information for granted in this subsection and do not repeat it each time.
The following lemma is stated for referencing; its proof is elementary and omitted. We next show that whether T ∈ T r or not does not depend on the size of the radii of the triangles of T , but only on their least residues modulo 3. To be more precise, let ∆ 1 be any triangle of T and denote its central vertex on P by v c 1 • In Fig. 4, D s consists of the black circled vertices together with u.
Note: 2 as private neighbour but not v i .
• We sometimes refer to a vertex u i,j without knowing whether it exists. If it turns out not to exist, we just ignore the reference to it. 
Then f is a dominating broadcast of T with cost at most a − 1 + r − a = r − 1, contrary to the radiality of T . 
Then f is a dominating broadcast of cost at most a + r − a − 1 = r − 1, a contradiction as above.
If s is even and |D s | ≥ • Suppose t = 3a, a ≥ In all three cases σ 2 satisfies the conditions of Lemma 5.6. We may now repeat the process and construct successive disjoint maximal sequences of intersecting triangles until we arrive at the final such sequence σ that ends at v s . Then either s is even and some j ∈ {s, s + 2} satisfies (i) and (ii), or s is odd and some j ∈ {s + 1, s + 3} satisfies (i) and (ii). 
Proof of Lemma 4.2
We restate the lemma for convenience. 
